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I. Introduction

Tisnotsurprisingthat the developmentof numerical methods for

trajectory optimization have closely paralleled the exploration
of space and the developmentof the digital computer. Space explo-
ration provided the impetus by presenting scientists and engineers
with challengingtechnical problems. The digital computer provided
the tool for solving these new problems. The goal of this paper is to
review the state of the art in the field loosely referred to as trajectory
optimization.

Presentinga survey of a field as diverse as trajectory optimization
is a daunting task. Perhaps the most difficult issue is restricting the
scope of the survey to permit a meaningful discussion within a
limited amount of space. To achieve this goal, I made a conscious
decision to focus on the two types of methods most widely used
today, namely, directand indirect. I begin the discussion with a brief
review of the underlying mathematics in both direct and indirect
methods. I then discuss the complications that occur when path
and boundary constraints are imposed on the problem description.
Finally, I describe unresolvedissues that are the subject of ongoing
research.

A number of recurrent themes appear throughoutthe paper. First,
the aforementioned direct vs indirect is introduced as a means of
categorizing an approach. Unfortunately, not every technique falls
neatly into one category or another. I will attempt to describe the
benefits and deficiencies in both approaches and then suggest that
the techniquesmay ultimately merge. Second, I shall attempt to dis-
criminate between method vs implementation. A numerical method
is usually described by mathematical equations and/or algorithmic
logic. Computational results are achieved by implementing the al-
gorithm as software, e.g., Fortran code. A second level of imple-
mentation may involve translating a (preflight) scientific software
implementationinto an (onboard) hardwareimplementation.In gen-
eral, method and implementation are not the same, and I shall try to
emphasizethat fact. Third, I shall focus the discussionon algorithms
instead of physical models. The definition of a trajectory problem
necessarily entails a definition of the dynamic environment such as
gravitational, propulsion, and aerodynamic forces. Thus it is com-
mon to use the same algorithm, with different physical models, to
solve different problems. Conversely, different algorithms may be
appliedto the same physicalmodels (with entirely differentresults).
Finally, I shall attempt to focus on general rather than special pur-
pose methods. A great deal of research has been directed toward
solving specific problems. Carefully specialized techniques can ei-
ther be very effectiveor very ad hoc. Unfortunately, what works well
for a launch vehicle guidance problem may be totally inappropriate
for a low-thrust orbit transfer.

II. Trajectory Optimization Problem

Let us begin the discussion by defining the problem in a fairly
general way. A trajectory optimization or optimal control problem
can be formulated as a collection of N phases. In general, the inde-
pendentvariablet for phase k is defined in the region t((]k) <t <t®,
For many applications the independent variable ¢ is time, and the

h : : (k+1) _ (k) H
phases are sequential, that is, ; =t,’; however, neither of
those assumptions is required. Within phase k the dynamics of the

system are described by a set of dynamic variables
yO (1)
u® (1)
made up of the n{") state variables and the n"’ control variables,
respectively. In addition, the dynamics may incorporate the n'"
parameters p®, which are not dependent on ¢. For clarity I drop
the phase-dependentnotation from the remaining discussionin this
section. However, it is important to remember that many complex
problem descriptionsrequire different dynamics and/or constraints,
and a phase-dependent formulation accommodates this require-
ment.
Typically the dynamics of the system are defined by a set of

ordinary differential equations written in explicit form, which are
referred to as the state or system equations,

o))

y=fly®,u@®), p,1] )

where y is the n, dimension state vector. Initial conditions at time
t, are defined by

Yo < PYly), ulty), p, o] < Py, 3)

where Y[y (1), u(ty), p, ty] = 1, and terminal conditions at the
final time 7, are defined by

¢j’l = ¢[J’(tf)a ll(tf), p, tf] = ¢j’u (4)

where [ y(t;), u(ts), p, t;] = 1. In addition, the solution must
satisfy algebraic path constraints of the form

g <gly®),u(),p,t] < g, 5)

where g is a vector of size n,, as well as simple bounds on the state
variables

n=y® =<y 6)

E-mail: John.T.Betts@boeing.com.

John T. Betts received a B.A. degree from Grinnell College, Grinnell, Iowa, in 1965 with a major in physics
and a minor in mathematics. In 1967 he received an M.S. in astronautics from Purdue University, West Lafayette,
Indiana, with a major in orbit mechanics, and in 1970 he received a Ph.D. from Purdue, specializing in optimal
control theory. He joined The Aerospace Corporationin 1970 as a Member of the Technical Staff and from 1977-
1987 was manager of the Optimization Techniques Section of the Performance Analysis Department. He joined
The Boeing Company, serving as manager of the Operations Research Group of Boeing Computer Services from
1987-1989.1n his current positionas Senior Principal Scientist in the Applied Research and Technology Division, he
provides technical support to all areas of The Boeing Company. Dr. Betts is a Member of AIAA and the Society for
Industrial and Applied Mathematics with active research in nonlinear programming and optimal control theory.

Received March 29, 1997; revision received Oct. 7, 1997; accepted for publication Oct. 20, 1997. Copyright © 1997 by the American Institute of Aeronautics

and Astronautics, Inc. All rights reserved.

193



194

and control variables
u <u)=<u, 7

Note that an equality constraint can be imposed if the upper and
lower bounds are equal, e.g., (g;)x = (8.)x for some k.
Finally, it may be convenientto evaluate expressions of the form

i
/ qly(®),u(®), p, r]dt ®)

which involve the quadrature functions ¢g. Collectively we refer to
those functions evaluated during the phase, namely,

Sly@®),ut), p,t]
F@t)=|gly®,u(), p,t] 9)
qly®),u(®), p, 1]

as the vector of continuousfunctions. Similarly, functionsevaluated
ataspecific point, such as the boundary conditions [ y (), u (%), to]
and Y[y (t;), u(ty), t,], are referred to as point functions.

The basic optimal control problem is to determine the n®-
dimensional control vectors u® () and parametersp® to minimize
the performance index

7= [y () 1y (1), V0,

(7)1 y(1). p, 1] (10)

Notice that the objective function may depend on quantities com-
puted in each of the N phases.

This formulation raises a number of points that deserve further
explanation. The concept of a phase, also referred to as an arc by
some authors, partitions the time domain. In this formalism the dif-
ferential equations cannot change within a phase but may change
from one phase to another. An obviousreason to introducea phase is
to accommodate changesin the dynamics, for example, when simu-
lating a multistagerocket. The boundary of a phase is often called an
event or junction point. A boundary condition that uniquely defines
the end of a phase is sometimes called an event criterion (and a well-
posed problem can have only one criterion at each event). Normally,
the simulation of a complicated trajectory may link phases together
by forcing the states to be continuous, e.g., y[t;.l)] =y[t(§2)]. How-
ever, for multipath or branch trajectories this may not be the case.!
The differential equations (2) have been written as an explicit sys-
tem of first-order equations, i.e., with the first derivative appearing
explicitly on the left-hand side, which is the standard convention for
aerospace applications. Although this simplifies the presentation, it
may not be either necessaryor desirable;e.g., Newton’s law F = ma
is not stated as an explicit first-order system! The objective function
(10) has been written in terms of quantities evaluated at the ends
of the phases, and this is referred to as the Mayer form.? If the ob-
jective function only involves an integral (8), it is referred to as a
problem of Lagrange, and when both terms are present, it is called
a problem of Bolza. It is well known that the Mayer form can be
obtained from either the Lagrange or Bolza form by introducingan
additional state variable. However, again this may have undesirable
numerical consequences.

III. Nonlinear Programming

A. Newton’s Method

Essentially all numerical methods for solving the trajectory opti-
mization problem incorporate some type of iteration with a finite set
of unknowns. In fact, progress in optimal control solution methods
closely parallels the progress made in the underlying nonlinear pro-
gramming (NLP) methods. Space limitations preclude an in-depth
presentation of constrained optimization methods. However, it is
important to review some of the fundamental concepts. For more
complete information the reader is encouraged to refer to the books
by Fletcher,® Gill et al.,* and Dennis and Schnabel’ The funda-
mental approach to most iterative schemes was suggested over 300
years ago by Newton. Suppose we are trying to solve the nonlinear

algebraic equations a(x) = 0 for the root x*. Beginning with an es-
timate x we can constructa new estimate X according to

Xx=x+op (1n

where the search direction p is computed by solving the linear
system

AX)p = —a(x) (12)

The n X n matrix A is defined by

_Bal aa, 8(11_
8_x1 8_x2 ™
da, da, aa,

A=|0dx 9x 0x, (13)
da, da, da,
TN

When the scalar step length « is equal to 1, the iteration scheme
is equivalent to replacing the nonlinear equation by a linear ap-
proximation constructed about the point x. We expect the method
to converge provided the initial guess is close to the root x*. Of
course, this simple scheme is not without pitfalls. First, to compute
the search direction, the matrix A must be nonsingular (invertible),
and for arbitrary nonlinear functionsa(x) this may not be true. Sec-
ond, when the initial guess is not close to the root, the iteration may
diverge. One common way to stabilize the iteration is to reduce the
length of the step by choosing « such that

la@)ll < lla)ll (14)

The procedure for adjusting the step length is called a line search,
and the function used to measure progress (in this case ||a/||) is called
a merit function. In spite of the need for caution, Newton’s method
enjoysbroad applicability,possibly because, when it works, the iter-
ates exhibit quadratic convergence. Loosely speaking, this property
means that the number of significant figures in x (as an estimate for
x*) doubles from one iteration to the next.

B. Unconstrained Optimization

Letusnow consideran unconstrainedoptimization problem. Sup-
pose that we must choose the n variables x to minimize the scalar
objective function F'(x). Necessary conditions for x* to be a station-
ary point are

dF ]
0x,
oF

gx) =V, F=|90x | =0 (15)

oF

ax, |

Now if Newton’s method is used to find a point where the gradi-
ent (15) is zero, we must compute the search direction using

Hx)p = —gx) (16)

where the Hessian matrix H is the symmetric matrix of second
derivativesof the objective function. Just as before, there are pitfalls
in using this method to construct an estimate of the solution. First,
we note that the conditiong =0 is necessary but not sufficient. Thus
a point with zero gradient can be either a maximum or a minimum.
At a minimum point the Hessian matrix is positive definite, but this
may not be true when H is evaluated at some point far from the
solution. In fact, it is quite possible that the direction p computed
by solving Eq. (16) will point uphill rather than downhill. Second,
there is some ambiguity in the choice of a merit function if a line



search is used to stabilize the method. Certainly we would hope to
reduce the objective function, that is, F'(x) < F (x). However, this
may not produce a decrease in the gradient

lg@ll < llgG)ll a7

In fact, what have been described are two issues that distinguish a
direct and an indirect method for finding a minimum. For an indi-
rect method, a logical choice for the merit function is ||g(x)[|. In
contrast, for a direct method, one probably would insist that the
objective function is reduced at each iteration, and to achieve this
it may be necessary to modify the calculation of the search direc-
tion to ensure that it is downhill. A consequence of this is that the
region of convergence for an indirect method may be considerably
smaller than the region of convergence for a direct method. Stated
differently,an indirect method may require a betterinitial guess than
required by a direct method. Second, to solve the equationsg =0, it
is necessary to compute the expressionsg(x)! Typically this implies
that analytic expressions for the gradient are necessary when using
an indirect method. In contrast, finite difference approximations to
the gradient are often used in a direct method.

C. Equality Constraints
Suppose that we must choose the n variables x to minimize the
scalar objective function F'(x) and satisfy the m equality constraints

cx)=0 (18)
where m < n. We introduce the Lagrangian
Lx,A) =F@x —Xe@) (19)

which is a scalar function of the n variablesx and the m Lagrange
multipliers A. Necessary conditions for the point (x*, A*) to be
a constrained optimum require finding a stationary point of the
Lagrangian that is defined by

V.Lx,A)=gx)—G " (x)A=0 (20)
and
V,Lx, A =—c(x)=0 21

By analogy with the developmentin the preceding sections, we can
use Newton’s method to find the (n + m) variables (x, A) that satisfy
the conditions (20) and (21). Proceeding formally to construct the
linear system equivalentto Eq. (12), one obtains

H, G’ -
L P_ _ g (22)
G 0 - —c
This system requires the Hessian of the Lagrangian

Hy=VIF =Y 3V (23)

i=1

The linear system (22) is referred to as the Kuhn-Tucker (KT) or
Karush-Kuhn-Tucker system. It is important to observe that an
equivalentway of defining the search direction p is to minimize the
quadratic

sp'Hip+g'p (24)
subject to the linear constraints
Gp = —c (25)

This is referred to as a quadratic programming (QP) subproblem.
Just as in the unconstrained and root solving applications discussed
earlier, when Newton’s method is applied to equality constrained
problems, it may be necessary to modify either the magnitude of
the step via a line search or the direction itself using a trust region
approach. However, regardless of the type of stabilization invoked
at points far from the solution, near the answer all methods try to
mimic the behavior of Newton’s method.
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D. Inequality Constraints

An important generalization of the preceding problem occurs
when inequality constraints are imposed. Suppose that we must
choose the n variables x to minimize the scalar objective function
F(x) and satisfy the m inequality constraints

cx) >0 (26)

In contrast to the equally constrained case, now m may be greater
than n. However, at the optimal point x*, the constraints will fall
into one of two classes. Constraints that are strictly satisfied, i.e.,
¢;(x*) > 0, are called inactive. The remaining active constraints are
on their bounds, i.e., ¢; (x*) = 0. If the active set of constraints is
known, then one can simply ignore the remaining constraints and
treat the problem using methods for an equality constrained prob-
lem. However, algorithms to efficiently determine the active set of
constraints are nontrivial because they require repeated solution of
the KT system (22) as constraints are added and deleted. In spite
of the complications, methods for nonlinear programming based on
the solution of a series of quadratic programming subproblems are
widely used. A popularimplementation of the so-called successive
or sequential quadratic programming (SQP) approach is found in
the software NPSOL.57

In summary, the NLP problem requires finding the n vector x to
minimize

F(x) (27)
subjectto the m constraints
cL=c(x =cy (28)
and bounds
X, <x=uxy (29)

In this formulation, equality constraints can be imposed by setting
Ccp =Cy.

E. Historical Perspective

Progress in the development of NLP algorithms has been closely
tied to the advent of the digital computer. Because NLP software is
a primary piece of the trajectory optimization tool kit, it has been
a pacing item in the development of sophisticated trajectory opti-
mization software. In the early 1960s most implementations were
based on a simple Newton method (11) and (12) with optimization
done parametrically,i.e., by hand. The size of a typical application
was n=m ~ 10. In the 1970s quasi-Newton approximations”> be-
came prevalent. One popular approach for dealing with constraints
was to apply an unconstrainedminimizationalgorithmto a modified
form of the objective,e.g., minimize J (x, p) = F'(x)+ % pcx)Te(x),
where p is large. Although those techniques have generally been su-
perseded for general optimization, curiously enough they are funda-
mental to the definition of the merit functionsused to stabilize state-
of-the-art algorithms. A second popular approach for constrained
problems, referred to as the reduced gradient approach, identifies a
basic set of variablesthat are used to eliminate the active constraints,
permitting choice of the nonbasic variables using an unconstrained
technique. Careful implementationsof this method®~!? can be quite
effective, especially when the constraints are nearly linear and the
number of inequalitiesis small. Most applicationsin the 1970s and
early 1980s were of moderate size, i.e., n =m < 100. Current ap-
plications have incorporated advances in numerical linear algebra
that exploit matrix sparsity, thereby permitting applications with
n,m ~ 100,000 (Refs. 11-20).

IV. Optimal Control
A. Dynamic Constraints
The optimal control problem may be interpreted as an extension
of the nonlinear programming problem to an infinite number of
variables. For fundamental background in the associated calculus
of variations the reader should refer to Ref. 21. First let us con-
sider a simple problem with a single phase and no path constraints.
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Specifically, suppose we must choose the control functions u () to
minimize

J =¢ly(ty), ty] (30)

subject to the state equations
y=fly®),u@®)] 3D

and the boundary conditions
Ply(p), uty), 1;,]=0 (32)

where the initial conditions y(fy)) =y, are given at the fixed initial
time 7, and the final time 7 is free. Note that this is a very simplified
version of the problem (2-10), and we have purposely chosen a
problem with only equality constraints. However, in contrast to the
previous discussion, we now have a continuous equality constraint
(31) as well as a discrete equality (32). In a manner analogousto the
definition of the Lagrangian function (19), we form an augmented
performance index

A tf
J=lp+viyl, +/ ATOfly®), um] —y}dr - (33)

fo

Notice that, in additionto the Lagrange multipliers v for the discrete
constraints, we have multipliers A(¢) referred to as adjoint or costate
variablesforthe continuous(differentialequation) constraints.In the
finite dimensional case, the necessary conditions for a constrained
optimum (20) and (21) were obtained by setting the first derivatives
of the Lagrangianto zero. The analogous operation s to set the first
variation § J =0. It is convenientto define the Hamiltonian

H=X'Ofy®),u®)] (34)
and the auxiliary function
O=9p+vTy (35)

The necessary conditions referred to as the Euler-Lagrange equa-
tions that result from setting the first variation to zero in addition to
Eqgs. (31) and (32) are

A=—H] (36)
called the adjoint equations,
0=H] 37

called the control equations, and

)‘(tf) = (DI |t=tf (38)
0=((Dt+H)|t=tf (39)
0= A(%) (40)

called the transversality conditions. The partial derivativesH,,, H,,,
and (Dy are considered row vectors, ie., H,=(dH/dy,, ...,
dH/dy,), in these expressions. The control equations (37) are an
application of the Pontryagin maximum principle?* A more gen-
eral expressionis

u = argmin H 41)
uelU

where U defines the domain of feasible controls. Note that Eq. (41)
isreally a minimum principleto be consistentwith the algebraicsign
conventions used elsewhere. The maximum principle states that the
control variable must be chosen to optimize the Hamiltonian (at ev-
ery instantin time), subjectto limitations on the control imposed by
state and control path constraints. In essence, the maximum prin-
ciple is a constrained optimization problem in the variablesu(?) at
all values of ¢. The complete set of necessary conditions consists
of a differential-algebraic (DAE) system (31), (36), and (37) with
boundary conditions at both £, and ¢, in Egs. (38), (39), and (32).
This is often referred to as a two-point boundary value problem. A
more extensive presentationof this material can be foundin Ref. 23.

B. Algebraic Equality Constraints
Generalizing the problem in the preceding section, let us assume
that we impose algebraic path constraints of the form

0 =gly®),u),1] (42)

in addition to the other conditions (31) and (32). Using notation
similar to the preceding section, let us define the matrix

ou;  du, ou,
g = ou, ou, ou, 43)
08, 98 98n

Two possibilitiesexist. If the matrix g, is full rank, then the system
of differential and algebraicequations (31) and (42) is referred to as
a DAE of index 1, and Eq. (42) is termed a control variable equality
constraint. For this case the Hamiltonian (34) is replaced by

H=\f+u'g (44)

which will result in modification to both the adjoint equations (36)
and the control equations (37).

The second possibility is that the matrix g, is rank deficient. In
this case we can differentiate Eq. (42) with respect to ¢, yielding

0=gy+gu+g (45)
=gyf[Y7u]+gui‘+gt (46)
=g'ly®),u(),1] (47)

where the second step follows by substituting (31) and changing
the definition of y and u. The result is a new path constraint func-
tion g’ that is mathematically equivalent provided that the orig-
inal constraint is imposed at some point on the path, e.g., 0 =
gly(t), u(ty), to]. For this new path function, again, the matrix g/,
may be full rank or rank deficient. If the matrix is full rank, the
original DAE system is said to have index 2, and this is referred to
as a state variable constraint of order 1. In the rank deficient case
we may redefine the Hamiltonian using g’ in place of g. Of course,
if the matrix g/, is rank deficient, the process must be repeated. This
is referred to as index reductionin the DAE literature.>*?* Note that
index reduction may be difficult to perform, and imposition of a
high-index path constraint may be prone to numerical error.

C. Singular Arcs
In the preceding section we addressed the DAE system

y=fly u,tl (48)
0=gly u,1] (49
which can appear when path constraints are imposed on the optimal

control problem. However, even in the absence of path constraints
the necessary conditions(31), (36), and (37) lead to the DAE system

y=fly.u,i] (50)
A=-H (51
0=H, (52)

Viewed as a system of DAEs, one expects the optimality condition
0=H MT to define the control variable provided the matrix H,,, is non-
singular. On the other hand, if H,, is a singular matrix, the control
u is not uniquely defined by the optimality condition. This situation
is referred to as a singular arc, and the analysis of this problem in-
volves techniques quite similar to those discussed earlier for path
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constraints. Furthermore, singular arc problems are not just mathe-
matical curiosities, because H,, is singular whenever f[y, u, t] is a
linear function of u. The famous sounding rocket problem proposed
by Goddardin 1919 (Ref. 26) containsa singulararc. Recentinterest
in periodic optimal flight?”-?® and the analysis of wind shear during
landing® all involve formulations with singular arcs.

D. Algebraic Inequality Constraints

The preceding sections have addressed the treatment of equality
path constraints. Let us now consider inequality path constraints of
the form

0 =<gly®),u),1] (53)

Unlike an equality constraint that must be satisfied forall, <t <
t;,inequality constraintsmay eitherbe active 0 =g orinactive0 < g
ateachinstantin time. In essence the time domain is partitionedinto
constrained and unconstrained subarcs. During the unconstrained
arcs the necessary conditions are given by Egs. (31), (36), and
(37), whereas the conditions with modified Hamiltonian (44) are
applicable in the constrained arcs. Thus the imposition of inequal-
ity constraints presents three major complications. First, the num-
ber of constrained subarcs present in the optimal solution is not
known a priori. Second, the location of the junction points when
the transition from constrained to unconstrained (and vice versa)
occurs is unknown. Finally, at the junction points it is possible that
both the control variables # and the adjoint variables A are discon-
tinuous. Additional jump conditions that are essentially boundary
conditions imposed at the junction points must be satisfied. Thus
what was a two-pointboundary value problem may become a multi-
point boundary value problem when inequalities are imposed. For
a more complete discussion of this subject, the reader is referred to
the tutorial by Pesch® and the textbook by Bryson and Ho.?

E. Nonlinear Programming vs Optimal Control

To conclude the discussion let us reemphasize the relationship
between optimal controland nonlinearprogramming problems with
a simple example. Suppose we must choose the control functions
u(t) to minimize

J = dly(ty). 1] (54)
subject to the state equations
y=fly®,u®)] (55)

where y(fy) =y, are given at the fixed initial and final times £, and
t;. Let us define the NLP variables

X = (U, Y1, U1, Y2, Uy oo Yors Unr) (56)
as the values of the state and control evaluated at fy, t,, ..., ty,
where ty =1, _ + h with h=t,/M. Now

j~ Yk _h.Yk—l (57)

Let us substitute this approximationinto Eq. (55), thereby defining
the NLP constraints

) =y = Y1 —hfQr-1, 1) (58)
fork=1, ..., M, and the NLP objective function
Fx)=¢(yn) (39

The problem defined by Egs. (56), (58), and (59) is a nonlinear
program. From Eq. (19) the Lagrangian is

Lx,\) = F@x) —Xc)

M
= ¢(yu) — Z)\Z[Yk Y1 —hf(yi-1, w1 (60)

k=1
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The necessary conditions for this problem follow directly from the
definitions (20) and (21):

oL

B_)VCZYk_Yk—l_hf(.)’k—l»uk—l)zo (61)

aL of

3y, = et m A FRAL (62)
oL af
— =h)\,,— =0 63
oty 1 50 (63)
oL 0
I, 122 o (64)
8yM 8YM

Now let us considerthe limiting form of this problemas M — oo and
h — 0.Clearly, in the limit Eq. (61) becomes the state equation (3 1),
Eq. (62) becomes the adjoint equation (36), Eq. (63) becomes the
control equation (37), and Eq. (64) becomes the transversality con-
dition (38). Essentially, what has been demonstrated is that the NLP
necessary conditions, i.e., Kuhn-Tucker, approach the optimal con-
trol necessaryconditionsas the numberof variables grows. The NLP
Lagrange multipliers can be interpreted as discrete approximations
to the optimal control adjoint variables. Although this discussionis
of theoretical importance, it also suggests a number of ideas that are
the basis of modern numerical methods. In particular, if the anal-
ysis is extended to inequality constrained problems, it is apparent
that the task of identifying the NLP active set is equivalentto defin-
ing constrained subarcs and junction points in the optimal control
setting. Early results on this transcription process can be found in
Refs. 31-33, and more recently interest has focused on using alter-
nate methods of discretization3=37
V. Numerical Analysis

A. Initial Value Problems

The numerical solution of the initial value problem (IVP) for
ordinary differential equations (ODE) is fundamental to most tra-
jectory optimizationmethods. The problem can be stated as follows:
Compute the value of y(7,) for some value of 7, < 7, that satisfies

y=fly®,1] (65)

with the known initial value y(#y) =y,. Notice that, unlike the state
equations (2), the right-hand sides of these equations do not ex-
plicitly involve either the controls u(¢) or the parameters p. This
distinction is extremely important in the context of trajectory op-
timization because this requires that the control is completely de-
termined by specifying the state; i.e., it implies that we can write
u(t)=g[y(),p, t]. Numerical methods for solving the ODE IVP
are relatively mature in comparison to the other fields in trajectory
optimization.

Most schemes can be classified as one-step or multistep methods.
A popular family of one-step methods is the Runge-Kutta schemes,

3
Yiz1=Yyi+h Zﬁjfij (66)

j=1

where

I=1

k
fi=f (J’i +h; Z“jlﬁl)»(ti + hipj):| (67)

for 1 < j <k, and k is referred to as the stage. In these expressions
{pj,B;,a;} are known constants with 0 < p; < p, < --- < 1.
The schemes are called explicit if o;; =0 for / > j and implicit
otherwise. A convenient way to define the coefficients is to use the
so-called Butcher diagram

P | Qi s Ok

Pk | Qk1r - Qg
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Four common examples of k-stage Runge-Kutta schemes are the
following.
Euler’s explicit, k = 1:

010

Classical Runge-Kutta explicit, k = 4:

olo o 0o o
140 0 0
Lo L0 o0
1o o 10
1l L 1 1
6 3 3 6

Trapezoidal implicit, k = 2:

010 O
[
3 3
1l 1
2 2
Hermite-Simpson implicit, k =3:
oo o0 o0
L 1l _ 1
2|24 3 24
12 1
lls 5 5
l 2 1
6 3 6

An obvious appeal of an explicit scheme is that the computation
of each integration step can be performed without iteration; that is,
given the value y; at the time #;, the value y; ;, at the new time
t; .| follows directly from available values of the right-hand-side
functionsf. In contrast, for an implicit method, the unknown value
¥i+1 appears nonlinearly,e.g., the trapezoidal method requires
0=yir1—yi —h/DUf iv 1, tig) HfOi )1 =¢; (68)
Consequently, to compute y; |, given the values t; , |, y;, t;, and
SfLyi, t;], requires solving the nonlinear expression (68) to drive the
defect ¢; to zero. The iterations required to solve this equation are
called corrector iterations. An initial guess to begin the iteration is
usually provided by the so-called predictor step. There is consider-
able latitude in the choice of predictor and corrector schemes. For
some well-behaveddifferentialequations, a single predictorand cor-
rector step are adequate. In contrast, it may be necessary to perform
multiple corrector iterations, e.g., using Newton’s method, espe-
cially when the differentialequations are stiff. To illustrate this, sup-
pose that instead of Eq. (65) the system dynamics are described by

y=fly@®,u@),1], eu=gly®),u),11  (69)

where € is a small parameter. Within a very smallregion0 < r < z,,
the solutiondisplays a rapidly changing behavior, and thereafter the
second equation can effectively be replaced by its limiting form

0 =gly®),u),1] (70)

The singular perturbation problem (69) is in fact a stiff system of
ODEs and in the limit approaches a DAE system. Techniques de-
signed specifically for solving singular perturbation formulations
have been suggested for guidance applications %

The second class of integration schemes are termed multistep

schemes and have the general form

k—1 k

yl‘+k=Z(¥jyi+j+hZﬁjﬁ+j 70

ji=0 j=0

where «; and 8; are known constants. If 8, =0, the method is ex-
plicit; otherwise it is implicit. The Adams schemes are members of
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the multistep class that are based on approximating the functions
f () by interpolating polynomials. The Adams-Bashforth method
is an explicit multistep method,** whereas the Adams-Moulton
method is implicit.*! Multistep methods must address three issues
that we have notdiscussedfor single-stepmethods. First, as written,
the method requires information at (k — 1) previous points. Clearly,
this implies some method must be used to start the process, and
one common techniqueis to take one or more steps with a one-step
method, e.g., Euler. Second, as written, the multistep formula as-
sumes the stepsize & is a fixed value. When the stepsize is allowed
to vary, careful implementation is necessary to ensure that the cal-
culation of the coefficients is both efficient and well conditioned.
Finally, similar remarks apply when the number of steps &, i.e., the
order, of the method is changed.

Regardless of whether a one-step or a multistep method is uti-
lized, a successfulimplementation must address the accuracy of the
solution. How well does the discrete solutiony; fori =0, 1, ..., M
producedby the integrationscheme agree with the real answer y(z)?
All well-implemented schemes have some mechanism for adjust-
ing the integration step size and/or order to control the integration
error. The readeris urged to consultRefs. 42-46 for additionalinfor-
mation. A great deal of discussion has been given to the distinction
betweenexplicitand implicitmethods. Indeed, itis often tempting to
use an explicitmethod simply becauseit is more easily implemented
(and understood). However, the trajectory optimization problem is
a boundary value problem (BVP), not an initial value problem, and
to quote Ascher et al. on page 69 of Ref. 24, “for a boundary value
problem. . . any scheme becomes effectively implicit. Thus, the dis-
tinctionbetween explicitand implicitinitial value schemes becomes
less important in the BVP context.”

Methods for solving initial value problems when dealing with
a system of differential-algebraic equations have appeared more
recently. For a semiexplicit DAE system such as Eqgs. (48) and (49),
it is tempting to try to eliminate the algebraic (control) variables
to utilize a more standard method for solving ODEs. Proceeding
formally to solve Eq. (49), one can write

ut) =g '[y. 1] (72)

When this value is substituted into Eq. (48), one obtains the nonlin-
ear differential equation

y=fly.g 'ly.1].1} (73)

which is amenable to solution using any of the ODE techniques
described earlier. Another elimination technique, referred to as dif-
ferential inclusion;*’ attempts to form an expression of the form

u(t) =Fly, y. 1] (74)

by solving a subset of the differential equations (48). Because the
number of state and control variables is not necessarily equal, it
is imperative to partition the differential equations in some stable
manner to perform this elimination. Unfortunately,it is seldom pos-
sible to analytically construct a feedback control of the form of
Eq. (72) or Eq. (74). When analytic elimination is impossible, the
only recourse is to introduce a nonlinear iterative technique, e.g.,
Newton’s method, that must be executed at every integration step.
This approachnot only is very time consuming but also can conflict
with logic used to control integration error in the dynamic vari-
ables y. If an implicit method is used for solving the ODEs, this
elimination iteration must be performed within each corrector iter-
ation; in other words, it becomes an iteration within an iteration. In
essence, methods that attempt to eliminate the control to avoid the
DAE problem are cumbersome, numerically unstable, and problem
specific.

The first general technique for solving DAEs was proposed by
Gear*® and utilizes a backward differentiation formula (BDF) in a
linear multistep method. In contrast to the elimination methods in
the preceding paragraph, the algebraic variables u(¢) are treated the
same as the differential variables y(¢). The method was originally



proposed for the semiexplicitindex 1 system described by Egs. (48)
and (49) and soon extended to the fully implicit form

Flz,z,1] =0 (75)
where z = (y, u). The basic idea of the BDF approach s to replace
the derivativez by the derivative of the polynomial that interpolates
the solution computed over the preceding k steps. The simplest
example is the implicit Euler method that replaces Eq. (75) with

»zi7tii| =0

The resulting nonlinear system in the unknownsz; is usually solved
by some form of Newton’s method at each time step #;. The widely
used production code DASSL developed by Petzold*-* essentially
uses a variable-step-size,variable-orderimplementationof the BDF
formulas. The method is appropriate for index 1 DAEs with consis-
tent initial conditions. Current research into the solution of DAEs
with higher index (>2) has renewed interest in one-step methods,
specifically the implicit Runge-Kutta schemes described for ODEs.
A discussion of methods for solving DAEs is found in Ref. 25.

Zi-1

F[zi 2
h

(76)

i

B. Tabular Data

In practice the numerical solution of a trajectory optimization
problem inevitably involves tabular data. Typically, propulsion,
aerodynamic, weight, and mass propertiesfor a vehicle are specified
using tables. For example, the thrust of a motor may be specified by
a finite set of table values {T (M, h;), My, h;} fork=1,..., N,in
lieu of defining the functional form in terms of Mach number and
altitude. In some cases this approach is necessary simply because
there is not enoughinformation to permit an analytic representation
of the function based on the laws of physics. Often tabular data are
obtained as the result of experimental tests. Finally, there may be
historical precedence for specifying data in this format as a conve-
nientway for communicationbetween disciplines.Regardless of the
reason for specifying a nonlinear function as a collection of tabular
values, the numerical implementation of a trajectory optimization
must deal with this format. The necessary conditions described in
Sec. III assume continuity and differentiabilityfor the objective and
constraint functions. Similar restrictions are implied when stating
the necessary conditions for the optimal control problemin Sec. IV.
The numerical integration techniques given in the previous subsec-
tion make similar assumptions about continuity and differentiability
for the right-hand sides of the differential algebraic equations. Suc-
cessful application of those techniques requires that tabular data be
represented using a smooth differentiable function. Unfortunately,
by far the single most widely used approach is linear interpolation.
This is also by far the single most catastrophicimpediment to an ef-
ficient solution of the trajectory optimization problem! A piecewise
linear representationis not differentiableat the table points and thus
is fundamentally inconsistent with the theory described in the pre-
ceding sections. Recognition of this difficulty is certainly not new,
and it has been discussed by other authors>'*? in the simulation of
space launch vehicles. Nevertheless, inappropriate data modeling
techniques persist, presumably for historical reasons, in many real
applications.

There are many alternatives for representing tabular data using
a smooth functional form. For some applications an appropriate
model is suggested by the physics, e.g., a quadratic drag polar.
In lieu of a form derived from physical considerations, functional
approximation based solely on the mathematical requirements can
be incorporated. Function approximationusing B-splines®® can ef-
fectively produce the required continuity. Methods for construct-
ing smooth approximations utilizing nonlinear programming tech-
niques have also beendeveloped.>*~>7 Nonlinearrational functionor
neural network approximations can also produce sufficient smooth-
ness, although it is not clear that these are preferable to B-splines.

VI. Compendium of Methods
The basic elements involved in the specification of a numerical
method for solving the trajectory optimization problem have been
described in the preceding sections. There is a broad spectrum of
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possible ways to put the pieces together to form a complete algo-
rithm; however, all techniques have one attribute in common. Be-
cause all of the algorithms involve application of Newton’s method,
a convenient way to organize the discussionis to describe the func-
tion evaluation procedure for each method. Specifically, we will
describe the function generator for each algorithm. The inputs to
the function generator are the variables. The outputs of the func-
tion generator are the objective and constraints. The basic concept
is illustrated in Fig. 1.

A. Direct Shooting
1. Algorithm

The variablesforadirectshootingapplicationare chosenas a sub-
set of the initial conditions, the final conditions, and the parameters.
Thus for each phase let us define

X% = {y@, p, to, y(tp), tr} a7
The total set of NLP variables is then
xc {x0, x0 . x™) 78)

Notice that any time-varying quantities must be represented using
the finite set of parameters x, and consequently this implies that the
controltime history must be defined by a finite set of parameters.
For example, one might have an explicitrepresentationsuch as

u=p + pt (79)
or an implicit relationship such as
0 = pyu(r) + sin[pu(?)] (80)

When the control is defined explicitly as in Eq. (79), propagation
of the trajectory from the beginning to the end of the phase can
be accomplished using an ODE initial value method as described.
On the other hand, if the control is defined implicitly, the phase
propagation will require the use of a DAE initial value method as
describedin Sec. V.A. Notice also that problems with pathinequality
constraints (5) must be treated as a sequence of constrained and
unconstrained arcs. Thus phases must be introduced to account for
these individual arcs, in addition to phases that are necessary to
model known problem discontinuities such as jettison of a stage.

The NLP constraintsand objective functionare quantities that are
evaluated at the boundaries of one or more of the phases. Thus we
have

PPy (1), p. 1]
P Vy(s), p.ts]
cx) = : (81)
YN[y, p. 1]
Ny, p.ts]

In summary, the function generator for the direct shooting method
is of the following form:
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Direct Shooting
Input: x
Do for (each phase) k=1, N
Initialize phase k: y®(15), p®,
Constraint evaluation: compute ¢(k) [y (%), p, t]
Initial value problem: given 7, compute
y®(t;), ie., solve Eq. (65) or Egs. (48) and (49)
Constraint evaluation: compute ¢(k) [y, p,ty]
End do
Terminate trajectory
Compute objective F'(x), c(x)
Output: F(x), c(x)

)
tU

2. Examples

The direct shooting method is one of the most widely used meth-
ods and is especially effective for launch vehicle and orbit trans-
fer applications. The program to optimize simulated trajectories
(POST) program®® developed by Martin Marietta for simulating
the trajectories of launch vehicles such as the Titan is a widely dis-
tributed implementation of the direct shooting method. Originally
developedto supportmilitary space applications,itis similarin func-
tionality to the generalized trajectory simulation (GTS) program®
developed at The Aerospace Corporation. Most major aerospace
firms either use POST or have an equivalent capability for launch
vehicle optimization and mission analysis. Early versions of POST
utilized a reduced gradient optimization algorithm similar to the
methods in Refs. 9 and 10, and more recent releases have incorpo-
rated an SQP method.” GTS utilizes a modified form of the reduced
gradient algorithm,® which incorporates quasi-Newton updates for
constraint elimination and Hessian approximation. Programs such
as POST and GTS have extensive libraries of application-specific
models. In particular, the libraries permit definition of the vehicle
dynamics {the right-hand-sidefunctions f[ y(¢), u(t), p, t]} in many
coordinate systems, e.g., Earth-centered inertial, intrinsic, orbital,
etc. It is also common to have 10-20 different models for comput-
ing the gravitational, propulsive, and aerodynamic forces. In most
cases the user can also specify the type of numerical integration and
interpolation to be used, as well as the trajectory input and output
formats.

Direct shooting applicationshave been most successfulin launch
and orbit transfer problems primarily because this class of problem
lends itself to parameterization with a relatively small number of
NLP variables. For example, an orbit transfer problem with impul-
sive burns®®! can be posed with four variables per burn, namely,
the time of ignition and the velocity increment (7;, A V;). Typically
the mission orbit can be defined using three to five nonlinear con-
straintsenforced at the end of the trajectory. Thus a typical two-burn
orbit transfer can be posed as an NLP with eight variables and four
or five constraints. When the vehicle thrust-to-weightratio is high,
there is little motivation to consider a more elaborate mathematical
model of the thrust variation for two reasons. First, the performance
benefit that can be achieved with a thrust variation, i.e., by intro-
ducing time-varying control u(¢), is negligible. Second, most real
vehicles do not have the ability to implement a variable direction
thrust even if it was computed. In fact, many spacecraftincorporate
spin stabilization, which implies a constant inertial attitude during
the burns. Stated simply, the application neither permits nor war-
rants a mathematical model of higher fidelity, and direct shooting is
very effective.

A similar situation exists when designing optimal launch vehicle
trajectories. During the early portion of an ascent trajectory, it is
common to define the turning by a finite set of pitch rates. This
approach is used for most expendable launch vehicles, e.g., Titan,
Delta, and Atlas/Centaur, and is often a part of the onboard mission
data load. Consequently, the steering during the early portion of a
launch vehicle trajectory is defined by a relatively small number
of parameters, and the resulting optimization problem is readily
formulated using the direct shooting method. Steering during the
second stage of the Space Shuttle ascent trajectory is defined by a
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linear tangent steering law. In this case the control can be defined
by six parameters p; and p,:

u(t) =p, + pst (82)

which then determine the inertial yaw and pitch angles accordingto

Y = arctan{u, /u,} (83)

6; = arcsinfus /|lull} (84)
This form of the control law is an exact solution of the optimal
control problem when gravity is constanf>%? and is implementedin
the Space Shuttle’s flight avionics. Again the optimal steering s ap-
proximated by a finite set of parameters, and the resulting trajectory
optimization problem is amenable to direct shooting.

3. Issues

Most successful direct shootingapplicationshave one salient fea-
ture in common, namely, the ability to describe the problem in
terms of a relatively small number of optimization variables. If the
dynamic behavior of the control functions u(t) cannot be repre-
sented using a limited number of NLP variables, the success of a
direct shooting method can be degraded significantly. For example,
it is tempting to approximate the controls using an expansion such
as

M
w(t) =y piBi() (85)

k=1

where M >>1, and B, (t) are as a set of basis functions, e.g., B-
spline. This approach impacts the direct shooting method in two
ways. Both are related to the calculationof gradient information for
the NLP iteration. The first issue is related to the sensitivity of the
variables. Changes early in the trajectory (near #,) propagate to the
end of the trajectory. The net effect is that the constraints can be-
have very nonlinearly with respect to variables, thereby making the
optimization problemdifficult to solve. This is one of the major rea-
sons for the multiple shooting techniques, which will be described
later. The second issue is the computational cost of evaluating the
gradient information. The most common approach to computing
gradients is via finite difference approximations. A forward differ-
ence approximationto column j of the Jacobianmatrix G in Eq. (20)
is

G, =1/8)le(x+8;) —cx)] (86)

where the vector §; =§;e;, and e; is a unit vector in direction j. A
central difference approximationis
G, = (1/25)[e(x+ ;) —c(x—6,)] (87)
To calculate gradient information this way, it is necessary to inte-
grate the trajectory for each perturbation. Consequently, at least n
trajectories are required to evaluate a finite difference gradient, and
this information may be required for each NLP iteration. The cost
of computing the finite difference gradientsis reduced somewhat in
the GTS®® program by using a partial trajectory mechanism. This
approach recognizes that it is not necessary to integrate the trajec-
tory from #, to ¢, if the optimization variable is introduced later,
say at t; > ty. Instead the gradient information can be computed
by integrating from the return point 7, to #,, where t, > 1, > f,
because the portion of the trajectory from #, to z, will not be al-
tered by the perturbation. A less common alternative to finite differ-
ence gradients is to integrate the so-called variational equations. In
this technique, an additional differential equation is introduced for
each NLP variable, and this augmented system of differential equa-
tions must be solved along with the state equations. Unfortunately,
the variational equations must be derived for each application and
consequently are used far less in general purpose trajectory soft-
ware.
Another issue that must be addressed is the accuracy of the
gradient information. Forward difference estimates are of order 4,
whereas central difference estimates are ((82). Of course the more



accurate central difference estimates are twice as expensive as for-
ward difference gradients. Typically, numerical implementations
use forward difference estimates until nearly converged and then
switch to the more accurate derivatives for convergence. Although
techniquesfor selecting the finite difference perturbationsize might
seem to be critical to accurate gradientevaluation,a number of effec-
tive methods are available to deal with this matter.* A more crucial
matter is the interaction between the gradient computations and the
underlying numerical interpolation and integration algorithms. We
have already discussed how linear interpolation of tabular data can
introduce gradienterrors. However, it should be emphasized that so-
phisticated predictor corrector variable-step/ivariable-order numer-
ical integration algorithms also introduce noise into the gradients.
Althoughthose techniquesenhancethe efficiency of the integration,
they degrade the efficiency of the optimization. In fact, a simple
fixed-step/fixed-order integrator may yield better overall efficiency
in the trajectory optimization because the gradient information is
more accurate. Two integration methods that are suitable for use
inside the trajectory function generator are described in Ref. 63 and
Refs. 64 and 65. Another issue arises in the context of a trajectory
optimization application when the final time 7, is defined implic-
itly, not explicitly, by a boundary or event condition. In this case
we are not asking to integrate from £, to 7, but rather from #, until
Yly(ts), t;]1=0. Most numerical integration schemes interpolate
the solution to locate the final point. On the other hand, if the final
pointis found by iteration, e.g., using a root-finding method, the net
effectis to introducenoise into the external Jacobian evaluations. A
better alternative is to simply add an extra variable and constraint
to the overall NLP problem and avoid the use of an internal itera-
tion. In fact, inaccuracies in the gradient can be introduced by 1)
internal iterations, e.g., solving Kepler’s equation, event detection;
2) interpolationof tabular data; and 3) discontinuousfunctions,e.g.,
“ABS.” “MAX.,” “IF” tests; and a carefully implemented algorithm
must avoid these difficulties.5

B.
1.

Indirect Shooting

Algorithm
Let us begin with a description of indirect shooting for the sim-
plest type of optimal control problem with no path constraints and
a single phase. The variablesare chosen as a subset of the boundary
values for the optimal control necessary conditions. For this case
the NLP variables are

x = {A(), 1y} (88)
and the NLP constraints are
PYly(@), p, 1]
clx) = A(t) — (DI (89)
(¢, + H)

t=tf

A major difference between direct and indirect shooting occurs in
the definition of the control functions u(#). For indirect shooting
the control is defined at each point in time by the maximum prin-
ciple (41) or (37). Thus in some sense the values A(f) become the
parameters that define the optimal control function instead of p.
When the maximum principle is simple enough to permit an ex-
plicit definition of the control, propagation of the trajectory from
the beginning to the end of the phase can be accomplished using
an ODE initial value method. On the other hand, if the control is
defined implicitly, the phase propagation will require the use of a
DAE initial value method as describedin Sec. V.A. Notice also that
problems with path inequality constraints (5) must be treated as a
sequence of constrained and unconstrained arcs. Thus phases must
be introducedto account for these individual arcs just as with direct
shooting. When additional phases are introduced, in general it will
be necessary to augment the set of variables to include the unknown
adjoint and multipliers at each of the phase boundaries. Further-
more, additional constraints are included to reflect the additional
necessary conditions.

In summary, the function generator for the indirect shooting
method is of the following form:
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Indirect Shooting

Input: x
Do for (each phase) k = 1, N

Initialize phase k: y® (), A© (1), p®, 1"

Initial value problem: given ¢, compute y® (¢,), A® (),

i.e., solve Egs. (31), (36), and (37)

Constraint evaluation: evaluate Eq. (89)
End do
Terminate trajectory
Output: ¢(x)

2. Examples

Although the indirect shooting method would seem to be quite
straightforward, it suffers from a number of difficulties that will be
described in the next section. Primarily because of the computa-
tional limitations, successful applications of indirect shooting have
focused on special cases. Because the method is very sensitive to
the initial guess, it is most successful when the underlyingdynamics
are rather benign. The method has been utilized for launch vehicle
trajectory designin the program DUKSUP®” and for low-thrustorbit
analysis
3. Issues
The sensitivity of the indirect shooting method has been recog-
nized for some time. Computational experience with the technique
in the late 1960s is summarized by Bryson and Ho on page 214 of
Ref. 23:

The main difficulty with these methods is getting started; i.e.,
finding a first estimate of the unspecified conditions at one
end that produces a solution reasonably close to the specified
conditions at the other end. The reason for this peculiar diffi-
culty is the extremal solutions are often very sensitive to small
changes in the unspecified boundary conditions. . . . Since the
system equations and the Euler-Lagrange equations are cou-
pled together, it is not unusual for the numerical integration,
with poorly guessed initial conditions, to produce “wild” tra-
jectories in the state space. These trajectories may be so wild
that values of x (¢) and/or A () exceed the numerical range of
the computer!

A number of techniqueshave been proposed for dealing with this
sensitivity. One rather obvious approach is to begin the iteration
process with a good initial guess. Referred to as imbedding, contin-
uation, or homotopy methods, the basic idea is to solve a sequence
of problems and use the solution of one problem as the initial guess
for a slightly modified problem. Thus, suppose it is necessary to
solve a(x) = 0 and that we can imbed this problem into a family of
related problems

ax,7) =0 (90)

where the parameter 0 < v < 1. Assume the problem a(x, 0) =0
is easy to solve, and when t =1, the real solution is obtained, i.e.,
a(x, 1) =a(x) =0. Typically, it is desirable to choose the parameter
T such that the solution x(7) varies smoothly along the homotopy
path.Forexample,itmay be easy to solvean orbittransferusing two-
body dynamics. A more accurate solution involving oblate Earth
perturbationscould then be obtained by turning on the gravitational
perturbations with an imbedding technique. Clearly, the homotopy
method can be used with any trajectory optimizing algorithm, but it
has been especially useful for indirect methods.

Another technique that has been used to reduce the solution sen-
sitivity is referred to as the sweep method. Essentially, the idea is
to integrate the state equations forward, i.e., from £, to 7, and then
integrate the adjoint equationsbackward, i.e., from#, to 7. The goal
is to exploit the fact that the state equations may be integrated stably
in the forward direction and the adjoint equations may be stable in
the reverse direction. This approach requires that the state, control,
and adjoint time histories be saved using some type of interpolation
method. Numerical processingis further complicated by interaction
between the interpolation scheme and the integration error control,
especially when dealing with discontinuities that occur at phase
boundaries.
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Perhaps the biggest issue that must be addressed when using an
indirect method is the derivation of the necessary conditions them-
selves. For realistic trajectory simulations the differentialequations
(2), path constraints (5), and boundary conditions (4) may all be
complicated mathematical expressions. To impose the optimality
conditions (36-39) it is necessary to analytically differentiate the
expressions for f, g, and 1. For a production software tool such as
POST or GTS, which permits problem formulation using alternate
coordinate systems and propulsion, gravitational, and aerodynamic
models, this can be a daunting task! As a consequence, the optimal-
ity conditions are usually not derived for all possible combinations
and models. The impact is that current implementations of indi-
rect methods suffer from a lack of flexibility. Let us emphasize that
this is a limitation in current but not necessarily future implemen-
tations. In particular, a number of authors have explored the utility
of automatic differentiationtools to eliminate this impediment. For
example, the ADIFOR software,%® the OCCAL software,’® and the
approach taken by Mehlhorn and Sachs’! represent promising at-
tempts to automate this process.

C. Multiple Shooting
1. Algorithm

Both the direct and indirect shooting methods suffer from a com-
mon difficulty. The essential shortcoming of these methods is that
small changes introduced early in the trajectory can propagate into
very nonlinear changes at the end of the trajectory. Although this
effect can be catastrophic for an indirect method, it also represents
a substantial limitation on the utility of a direct formulation. The
basic notion of multiple shooting (in contrast to simple shooting)
was originally introduced>”® for solving two-point boundary value
problems, and we begin the discussion for this case. In its simplest
form the problem can be stated as follows: Compute the unknown
initial values v(fy) = vy such that the boundary condition

0=9lv(ty), 1] 91)
holds for some value of 7, < , that satisfies
v =flv(1), 1] (92)

The fundamentalidea of multiple shooting s to break the trajectory
into shorter pieces or segments. Thus we break the time domaininto
smaller intervals of the form

fy <t <--<ty=t (93)
Letusdenotev; for j =0, ..., (M —1),astheinitial value for the dy-
namic variable at the beginning of each segment. For segment j we
can integrate the differentialequations (92) from ¢ ; to the end of the
segmentatf; , . Denote the result of this integrationby v;. Collect-
ing the results for all segments, let us define a set of NLP variables

x={vo,vi,....,vu—1} (94)

Now we also must ensure that the segments join at the boundaries;
consequently, we impose the constraints

v — ¥
V), — ;'1

c(x) = : =0 (95)
dvm. tf]

One obvious result of the multiple shooting approachis an increase
in the size of the problem that the Newton iteration must solve
since additional variables and constraints are introduced for each
shooting segment. In particular the number of NLP variables and
constraints for a multiple shooting application is n =n,M where
n, is the number of dynamic variables v, and M is the number of
segments. Fortunately the Jacobianmatrix A that appearsin the cal-
culation of the Newton search direction (12) is sparse. In particular,
only Mn? elements in A are nonzero. This sparsity is a direct con-
sequence of the multiple shooting formulation because variables
early in the trajectory do not change constraints later in the trajec-
tory. In fact, Jacobian sparsity is the mathematical consequence of

uncouplingbetween the multiple shooting segments. For the simple
case described, the Jacobian matrix is banded with n, x n, blocks
along the diagonal, and very efficient methods for solving the linear
system (12) can be utilized. Note that the multiple shooting seg-
ments are introduced strictly for numerical reasons. The original
optimal control problem may also have phases as described previ-
ously. Thus, in general, each phase will be subdivided into multiple
shooting segments as illustrated in Fig. 1. Furthermore, within each
phase the set of differential-algebraicequations and corresponding
boundary conditions may be different, depending on whether the
arc is constrained or unconstrained, etc.

The multiple shooting concept can be incorporated into either a
director indirectmethod. The distinction between the two occursin
the definition of the dynamic variables v, the dynamic system (92),
and the boundary conditions (91). For a direct multiple shooting
method, we can identify the dynamic variables v with the state and
control (y, u). By analogy the dynamics are given by the original
state equations (2) and path constraints (5). In lieu of the simple
boundary conditions (91), we directly impose Eqgs. (3) and (4). For
an indirect multiple shooting algorithm the dynamic variables v
must include the state, control, and adjoint variables (y, u, A). The
dynamics are given by the original state equations (2) and the ap-
propriate necessary conditions (36) and (37). In this instance the
boundary conditions (91) are replaced with the transversality con-
ditions (38) and (39) along with (3) and (4). It also may be necessary
to augment the set of NLP iteration variablesx and constraintsc(x)
to account for the additional conditions that occur when entering
and leaving path inequalities. As a final distinction for an indirect
method, the number of NLP variables x and constraints ¢(x) are
equal, i.e., m =n, because the optimality conditions uniquely de-
fine the values of the NLP variables. For a direct method, n and m
may differ, and the objective function F'(x) must be used to define
the optimal values of the NLP variables.

The function generator for the multiple shooting method is of the
following form:

Multiple Shooting
Input: x
Do for (each phase) k = 1, N
Initialize phase k:
Do for (each segment) j = 0, M — 1
Initialize segment j + 1: v, f;
Initial value problem: given #; , |, compute v;,
i.e., solve DAE system
Constraint evaluation: save v; | — ¥; in Eq. (95)
End do
Save ¢[vy, t;]in Eq. (95)
End do
Terminate trajectory
Output: ¢(x) [and F (x)]

2. Examples

Perhaps the single most importantbenefit derived from a multiple
shooting formulation (either direct or indirect) is enhanced robust-
ness. The BNDSCO implementation™ of indirect multiple shooting
is widely used in Germany to solve very difficult applications. An
optimal interplanetary orbit transfer involving planetary perturba-
tions has been computed by Callies.”” Berkmann and Pesch? have
utilized the approachfor the study of landingin the presenceof wind-
shear, Kreim et al.”® for Shuttle re-entry,and Pesch®® for a numberof
other aerospace applications. System identification problems have
been addressed by Bock and Plitt.”’

An interesting benefit of the multiple shooting algorithm is the
ability to exploit a parallel processor. The method is sometimes
called parallel shooting, because the simulation of each segment
and/or phase can be implemented on an individual processor. This
technique was explored for a direct multiple shooting method’® and
remains an intriguing prospect for multiple shooting methods in
general.

3. Issues
The multiple shooting technique greatly enhances the robustness
of either direct or indirect methods. However, the number of NLP



iteration variables and constraints increases markedly over simple
shooting implementations. Consequently, it is imperative to exploit
matrix sparsity to efficiently solve the NLP Newton equations. For
indirect shooting, the matrix A has a simple block banded structure,
and efficient linear algebra methods are rather straightforward. For
direct shooting, sparsity appears both in the Jacobian G and the
Hessian H, and the relevant sparse linear system is the KT system
(22). This system can be solved efficiently using the multifrontal
method for symmetric indefinite matrices.!> In general, all of the
other issues associated with simple direct and indirect shooting still
apply. Perhaps the most perplexingdifficulty with shooting methods
is the need to define constrained and unconstrained subarcs a priori
when solving problems with path inequalities.

D. Indirect Transcription
1. Algorithm

Historically, transcriptionor collocationmethods were developed
for solving two-point boundary value problems such as those en-
countered when solving the necessary conditions with an indirect
formulation. Let us again consider the simple boundary value prob-
lem (91) and (92) and, as with multiple shooting, subdivide the
interval as in Eq. (93). A fundamental part of the multiple shoot-
ing method was to solve the ODEs using an initial value method.
Let us consider taking a single step with an explicit method such
as Euler’s. Following the multiple shooting methodology, we then
must impose constraints of the form

0=vj+l_‘_)j (96)
=vi1— Wi +hif) C)

wheret;, | =h; +1; for all of the segments j =0, ..., (M —1). Of
course, there is no reason to restrict the approximation to an Euler
method. In fact, if we incorporate an implicit scheme such as the
trapezoidal method (68), satisfaction of the defect constraint (97)
is exactly the same as the corrector iteration step described for all
implicit integrators. The only difference is that all of the corrector
iterations are done at once in the boundary value context, whereas
the corrector iterations are done one at a time (step by step) when
the process is part of an initial value integration method. One of the
most popular and effective choices for the defect constraintin col-
location methods is the Hermite-Simpson method ”*:

0=vjp1=v; = (1 /OUf o1 4 +F1=C, 98)
which is the Simpson defect with Hermite interpolant
‘_)j-%—l=%[Vj+vj+l]+(hj+l/8)[fj —fi+1l (99)

for the variables at the interval midpoint. Schemes of this type are
referred to as collocation methods® because the solutionis a piece-
wise continuous polynomial that collocates, i.e., satisfies, the ODEs
at the so-called collocation points in the subintervalz; <7 <.
For obvious reasons, the points #; are also called grid points, mesh
points, or nodes.

The function generator for the indirect transcription method is of
the following form:

Indirect Transcription
Input: x
Do for (each phase) k=1, N
Initialize phase k:
Do for (each grid point) j =0, M — 1
Constraint evaluation: save discretization defect,
e.g., Eq. (98) or (68)
End do
Save ¢[vy, t,] in Eq. (95)
End do
Terminate trajectory
Output: ¢(x)
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2. Examples

Collocation methods have been used for solving boundary value
problemsoccurringin many fields fornearly 40 years, and the reader
is urged to consult Refs. 24, 80, and 81. Dickmanns®! implemented
the Hermite-Simpson method in the CHAP3 software and reported
successful solution of a number of challengingapplications,includ-
ing Shuttlere-entry problems with convectiveheatingand maximum
cross-rangecapability. The COLSYS package developed by Ascher
et al.3? has also been widely used for boundary value problems.

3. Issues

Collocation methods can be extremely effective for solving mul-
tipoint boundary value problems such as those encountered when
optimizing a trajectory. As with all indirect methods, however, the
techniques cannot be applied without computing the adjoint equa-
tions. Furthermore, when path inequality constraints are present,
it is imperative to predetermine the sequence of constrained and
unconstrained subarcs to formulate the correct BVP.

E. Direct Transcription
1. Algorithm

There are two major reasons that direct transcription methods®?
are actively beinginvestigated.First, like all directmethods, they can
be applied without explicitly deriving the necessary conditions,i.e.,
adjoint, transversality, maximum principle. This feature makes the
method appealing for complicated applications and promises ver-
satility and robustness. Second, in contrast to all other techniques
described, direct transcription methods do not require an a priori
specification of the arc sequence for problems with path inequa-
lities.

Just as before, we break the time domain into smaller intervals of
the form

fy <t <-- <ty =ty (100)

The NLP variables then become the values of the state and control
at the grid points, namely,

x ={yo,uo,y1, U, ...,yYu, Un} (1o1)

The set of NLP variables may be augmented to include the parame-
ters p, the times #y and 7, and for some discretizationsthe values of
the state and control at collocation points between the grid points.
The key notion of the collocation methods is to replace the original
set of ODEs (2) with a set of defect constraints {; =0, which are
imposed on each interval in the discretization. Thus, when com-
bined with the original path constraints, the complete set of NLP
constraintsis

Py
glyo, uo, p, to]
Co
glyi,u,p,ti]

¢
c(x) = : (102)

glym—1,up—1,p, t 11
Cu—1

g[YM»”M»P»tM]
¥

The resulting formulationis a transcriptionof the original trajectory
optimization problem defined by Egs. (2-7) into an NLP problem
as given by Eqgs. (27-29).

Collecting results yields a function generator for the direct tran-
scription method of the following form:
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Direct Transcription
Input: x
Do for (each phase) k=1, N
Initialize phase k: save 1,
Do for (each grid point) j =0, M — 1
Constraint evaluation: save g[y;, u;,p,t;] and ¢;
End do
Terminate phase
Save gy, uu,p, ty] and ¢,
End do
Terminate trajectory
Output: ¢(x) and F(x)

The nonlinear programming problem that results from this for-
mulation is large. It is clear that the number of NLP variables
n =~ (ny,+n,)M N, with a similar number of NLP constraints. Thus
a typical trajectory with 7 states, 2 controls, 100 grid points per
phase, and 5 phases produces an NLP with n =4500. Fortunately,
the pertinent matrices for this NLP problem, namely, the Jacobian G
and the Hessian H, are also sparse. So for an applicationof this type
it would not be unusual for these matrices to have fewer than 1% of
the elementsbe nonzero.Consequently,exploitingsparsity toreduce
both storage and computationtime is a critical aspect of a successful
implementation when using a direct transcription method.

2. Examples

The optimal trajectories by implicit simulation (OTIS) program
originally proposed by Hargraves and Paris®* implements the basic
collocation method, in addition to a more standard direct shooting
approach. The original implementation has been widely distributed
to NASA, the U.S. Air Force, and academic and commercial in-
stitutions throughout the United States. Early versions of the tool
utilized the Hermite-Simpson defect’ and the NPSOL nonlinear
programming software.” More recent versions of the OTIS software
have incorporated the sparse optimal control software (SOCS).35-8
The OTIS/SOCS library incorporates a number of features not
available in earlier versions. In particular, a sparse nonlinear pro-
gramming algorithm!!!21415 permits the solution of problems with
n ~ m ~ 100,000 on an engineering workstation. The sparse NLP
implements a sparse SQP method based on a Schur-complement
algorithmsuggestedby Gill et al.% !¢ Jacobian and Hessian matrices
are computed efficiently using sparse finite differencingas proposed
by Coleman and Moré!® and Curtis et al.'” Automatic refinement
of the mesh to achieve specified accuracy in the discretization is
available Like other widely used production tools for trajectory
design, OTIS provides an extensive library of models to permit
ascent, re-entry, and orbital simulations. The SOCS software has
also been used independent of the OTIS software for low-thrust
orbit transfers,”! low-thrust interplanetary transfers,”> commercial
aircraft mission analysis,” and applications in chemical process
control and robotics. The direct transcription method has also been
implemented by Enrightand Conway.**** The advanced launch tra-
jectory optimization software (ALTOS) program,”>“® developedin
Germany for the European Space Agency, incorporates many of
the same features. A sparse reduced gradient method has been in-
vestigated for collocation problems by Brenan and Hallman,”” and
Steinbach has investigated an interior point SQP approach’®
3. Issues
When the direct transcription method is implemented using a
sparse nonlinear programming algorithm, the overall approachdoes
resolve many of the difficulties encountered in trajectory optimiza-
tion. Some limitations can be attributed to the underlying sparse
NLP algorithms. For example, one of the principal attractions of a
direct method is that adjoint equations do not need to be computed.
On the other hand, the underlying NLP must in fact use derivative
informationthatis in some senseequivalent. The sparse NLP usedin
SOCS computes Jacobian and Hessian information by sparse finite
differencing. This technique will be efficient as long as the number
of perturbations is reasonably small. The number of perturbations
are determined by the DAE right-hand-side matrices f,, f., gy, and
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g.. If these matrices are dense, then the number of perturbations y
needed by the sparse differencing techniqueis approximatelyequal
to the number of state and control variables, i.e., y ~ n, + n,.
Hessian information can be computed using y?/2 perturbations.
Thus as long as y is small, this techniqueis reasonable. Conversely,
the sparse differencing approach is too expensive when the size of
the DAE system becomes large. On the other hand, when the right-
hand-side matrices fy, f.,, g,, and g, are sparse, then it may be that
y < ny+n,. Stated simply, sparse finite differencingmusteitherex-
ploitright-hand-sidesparsity or is limited by the number of state and
control variables. Reduced gradient algorithms’” and reduced SQP
methods?® are limitedin a differentway. Algorithms of this type con-
struct the reduced Hessian, which is a dense n; X n; matrix where
the number of degrees of freedom is approximately equal to the
number of controls times the number of grid points, i.e.,n; ~ n, M.
Because the reduced Hessian is dense and linear algebra operations
are O(n3), this implies an upper limit with n,M = 500. Conse-
quently, NLP methods that form the reduced Hessian are limited by
the number of control variables and/or the number of mesh points.

The second principle attraction involves the treatment of path in-
equality constraints. Defining an a priori distribution of constrained
subarcs is not necessary because the underlying NLP effectively
determines the subarcs using an active set strategy. However, this
approach is really only an approximationto the true solution. First,
the number of grid points effectively defines the resolution of the
constrained subarcs. Second, when entering or leaving a path con-
straint the control time history may require jump discontinuities at
the junction points. If the controlapproximationdoes not permit dis-
continuities, then the result will be suboptimal. One can of course
introduce a phase boundary at the junction point that will improve
the control approximation. However, this technique has not been
automated.

A third more fundamental difficulty occurs when the underlying
DAE has an index greater than 1, as with singular arcs and/or state
variable inequalities. In this case, either the NLP subproblem is
singular and/or attempts to refine the mesh for improved accuracy
will fail. Essentially these difficulties can be attributed to the fact that
none of the discretizationschemesdescribedare appropriatefor high
index DAEs. One approach is to impose additional nonlinear path
conditions along the singular arc.”® Unfortunately, this approach
requires analytic elimination of the adjoint variables and a priori
knowledge of the constrained subarcs. A more promising approach
is to incorporatea four-pointcollocation scheme during the singular
arc as proposed by Logsdon and Biegler.!°

VII. Other Methods

The vast majority of successful trajectory optimization applica-
tions incorporate some variant of the methods described earlier. For
the sake of completeness, we include a brief discussionof two other
approaches that have been considered but that are generally not
computationally competitive.

A. Dynamic Programming

In the late 1950s Bellman'®! introduced a generalization of the
classical Hamilton-Jacobi theory. The key notion of these so-called
extremal field methods is described by a system of first-order non-
linear partial differential equations known as the Hamilton-Jacobi-
Bellman equation. Essentially, these PDEs describethe optimal con-
trol functionsu™[x, t] as well as the optimal objective for all possible
initial conditions [x(¢y), f,]. Hamilton-Jacobi-Bellman theory has
played a major role in the development of necessary and sufficient
conditions and has provided a unified theoretical basis for the field
of optimal control. Despite its theoretical importance, the utility of
dynamic programming as the basis for a viable numerical method is
summarized by Bryson and Ho on page 136 of Ref. 23 as follows:

The great drawback of dynamic programming is, as Bellman
himself calls it, the “curse of dimensionality.” Even recording
the solution to a moderately complicated problem involves an
enormous amount of storage. If we want only one optimal path
from a known initial point, it is wasteful and tedious, to find a
whole field of extremals. . . .



B. Genetic Algorithms

All of the trajectory optimization methods described earlier have
well-defined termination criteria. As a consequence, it is possible
to decide whether a candidate solution, e.g., X, is in fact an answer
by evaluating the necessary conditions, e.g., Egs. (20) and (21) or
(36-40). The ability to define convergence is a fundamental prop-
erty of calculus-based methods. In contrast, when the variables are
discrete, calculus-basedmethods do not apply. In general, for prob-
lems with discrete variables the only way to decide if a candidate
solutionx is in fact an answer is by comparison with all other possi-
ble candidates. Unfortunately, this is a combinatorial problem that
is computationally prohibitive for all but the smallest applications.
To avoid direct comparison of all possible solutions, it is necessary
to introduce randomness at some point in the optimization process
and abandon a definitive convergence criterion. The basic notion
of genetic algorithms, simulated annealing, tabu search, and evo-
lutionary or Monte Carlo methods is to randomly select values for
the unknown problem variables. After a finite number of random
samples the best value is considered the answer. For some applica-
tions, notably those with discrete variables, algorithms of this type
are the only practical alternative. However, trajectory optimization
problems do not fall in this class! Trajectory applications are not
characterized by discrete variables, and there simply is no reason to
use a method that incurs the penalty associated with this assump-
tion. Nevertheless, methods of this type have attracted the interest of
many analysts, presumably because they are incredibly simple to ap-
ply without a detailed understandingof the system being optimized.
Unfortunately, because they do not exploit gradient information,
they are not computationally competitive with the methods in
Sec. VL.

VIII. Conclusions

There are many techniques for numerically solving trajectory
optimization problems, and it is sometimes helpful to classify the
techniques as either indirect or direct. Indirect methods are char-
acterized by explicitly solving the optimality conditions stated in
terms of the adjoint differential equations, the maximum principle,
and associated boundary (transversality) conditions. Using the cal-
culus of variations, the optimal control necessary conditions can be
derived by setting the first variation of the Hamiltonian function to
zero. The indirect approach usually requires the solution of a non-
linear multipoint boundary value problem. By analogy, an indirect
method for optimizing a function of n variables would require ana-
lytically computing the gradient and then locating a set of variables
using a root-finding algorithm such that the gradientis zero. There
are three primary drawbacks to this approach in practice. First, it
is necessary to derive analytic expressions for the necessary con-
ditions, and for complicated nonlinear dynamics this can become
quite daunting. Second, the region of convergencefor a root-finding
algorithmmay be surprisingly small, especially when it is necessary
to guess values for the adjoint variables thatmay nothave an obvious
physical interpretation. Third, for problems with path inequalities it
is necessary to guess the sequence of constrainedand unconstrained
subarcs before iteration can begin.

In contrast, a direct method does not require an analytic expres-
sion for the necessary conditions and typically does not require
initial guesses for the adjoint variables. Instead, the dynamic (state
and control) variables are adjusted to directly optimize the objective
function. All direct methods introduce some parametric represen-
tation for the control variables. For simple shooting, the control
functions are defined by a relatively small number of NLP vari-
ables. For multiple shooting and transcription methods, the number
of NLP variables used to describe the controls increases, ultimately
including values at each mesh point in the interval.

Throughout the paper I have emphasized the similarity between
methods. All of the methods utilize a Newton-basediteration to ad-
just a finite set of variables. The methods can be distinguished by
identifyingthe set of iteration variables and constraints. The optimal
control necessary conditions can be interpreted as limiting forms of
the NLP Kuhn-Tucker necessary conditions. At the present time
perhaps the most widely used methods are direct shooting, indi-
rect multiple shooting, and direct transcription. Each method has
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advantages and disadvantages, and I have attempted to highlight
them. Future research and development will undoubtedly focus on
removing deficiencies in these techniques. Progress in the analysis
of high-index differential-algebraic equations, automatic differen-
tiation, and sparse nonlinear programming will certainly lead to
refinements in existing software and methods. In fact, one may ex-
pect many of the best features of seemingly disparate techniques to
merge, forming still more powerful methods.
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